The (q 1 , q 2 ) SL(2, Z) string bound states of type IIB superstring theory admit two inequivalent (T-dual) representations in eleven dimensions in terms of a fundamental 2-brane. In both cases, the spectrum of membrane oscillations can be determined exactly in the limit g 2 → ∞, where g 2 is the type IIA string coupling. We find that the BPS mass formulas agree, and reproduce the BPS mass spectrum of the (q 1 , q 2 ) string bound state. In the non-BPS sector, the respective mass formulas apply in different corners of the moduli space. The axiomatic requirement of T-duality in M-theory permits to derive a discrete mass spectrum in a (thin torus) region where standard supermembrane theory undergoes instabilities.
Recently, the eleven dimensional description of different BPS bound states of type II superstring theories was worked out [1] . The determination of the 2-brane oscillation spectrum in a certain limit, together with the existence of 11d 2-brane backgrounds connected by T-duality, will be exploited here to perform a concrete test of T-duality in M-theory 1 in the BPS sector, and to evade supermembranes instabilities [7] by going to the dual representation.
In standard perturbative string theory, T-duality symmetry is the assertion that conformal field theories corresponding to two backgrounds related by a T-duality transformation are equivalent. In particular, the one-loop partition function is the same for both systems, and there is a one-to-one correspondence between the spectra. Related to these properties is the fact that the effective action is T-dual invariant to all orders in the α ′ expansion. In eleven dimensional supergravity, solutions with two or more isometries are also related by similar transformations [8] . Whether this property is to hold beyond leading order in M-theory remains to be proved. In particular, it strongly relies on a complete matching of the mass spectra of excitations of the dual backgrounds. This is the case in string theory, where winding states are crucial in order for T-duality to be an exact symmetry to all orders in perturbation theory.
The example considered here will be based on the (q 1 , q 2 ) 1/4 supersymmetric string bound states with a momentum boost w 0 along the string [9, 10] , with an extra isometry along y 3 . In the string frame, the corresponding classical solution is given by (i = 1, ..., 7)
3ω 7 , and cos θ = q 1
1 By which here we mean the strong coupling limit of the type IIA superstring (for recent reviews, see [2] ). A search for duality symmetries using 3d sigma-model description was undertaken in [3] . More recent discussions on T-duality using D-brane lagrangians and (M)atrix theory [4] are in ref. [5, 6] .
Here the S 1 -coordinate y 1 has period 2πR ′ 1 , whereas R 2 represents the radius of the "eleventh" dimension y 2 that will appear in a moment. R 1 is the radius of the type IIA y 1 -coordinate. The special cases are the NS-NS string (q 1 = 1, q 2 = 0, i.e. θ = 0, K = 1), and the R-R string (q 1 = 0, q 2 = 1, i.e. θ = π 2 , K =H 2 ). T -duality along y 1 transforms it into a D = 10 type IIA background, which can be interpreted as a 1/4 supersymmetric non-threshold bound state of a fundamental string and a D0-brane boosted along the string direction, 1 NS + 0 R + ↑ (more solutions representing non-threshold bound states of type IIA string theory were obtained in refs. [1, 11, 12] ),
The lift to D = 11 gives the solution found in [1] (A) : ds
which represents a 2-brane wrapped around the torus (y 1 , y 2 ) with winding w 0 and quantized momentum with components (
, and modulus
The total momentum is proportional to the tension of the (q 1 , q 2 ) string. Above we have considered the case of the rectangular 2-torus τ = iτ 2 , or the vacuum ρ 0 = χ 0 + ie −φ 0 = ie −φ 0 . Generalization to the case of an arbitrary 2-torus is straightforward.
Starting with the same (q 1 , q 2 ) SL(2, Z) string bound state, we now perform a Tduality transformation along a direction perpendicular to the string, y 3 . In this process, the D-string becomes a D2-brane. We then lift the resulting solution to eleven dimensions, obtaining (B) : ds
This is a 2-brane with a momentum boost w 0 /R ′ 1 along y 1 , with one leg on y 1 and the other wrapped around the (q 1 , q 2 ) cycle of the torus (y 2 , y 3 ). When w 0 = 0 (corresponding to the IIB string bound state with zero momentum), this becomes a static background, whereas in the representation (A) the w 0 = 0 case has non-zero momentum. There exists no reparametrization which connects both backgrounds; from the viewpoint of supergravity effective field theory the two solutions are inequivalent. They are, however, of the same form, where the roles of Q andQ (i.e. winding number and total momentum) are interchanged, but in addition the membrane is wrapped in a different way around the 3-torus.
Schematically, the two backgrounds are obtained by the sequences (A) :
From the type IIA perspective, in going from one representation to another, one has the chain
The zero-mode part of the membrane spectrum for the initial system (A) was investigated in ref. [9] , and the oscillator part was calculated in ref. [1] , where the BPS sector of the spectrum was also identified.
2 The mass formula
contains the zero-mode part M 2 0 , which can be calculated exactly for all g 2 = R 2 2 /α ′ , and it is given by
and an oscillator part H (A) , which can be determined exactly in the limit g 2 → ∞, with α ′ and τ 2 = R 1 /R 2 fixed (which implies that the membrane tension goes to zero, see eq. (7)),
2 For previous discussions of the membrane spectrum on R 9 × S 1 × S 1 , see [13] [14] [15] ; for a recent review on supermembranes, see [16] and references there. 3 For simplicity in the presentation, we omit the fermion contributions (their inclusion is straightforward; see [14, 15] ). For further technical details (which are irrelevant for the scope of this note, such as the gauge fixing of the symmetry of area-preserving diffeomorphisms) we refer to [15] .
The mode operators satisfy
where ǫ(k) is the sign function, and similar relations hold for theα a (k,m) . We now calculate the spectrum for the representation (B). An unboosted (q 1 , q 2 ) string bound state is now represented by a static 2-brane with one leg wrapped around the coordinate y 1 , and another wrapped around a (q 1 , q 2 ) cycle of the 2-torus generated by y 2 , y 3 . That is:
Adding the boost w 0 to the (q 1 , q 2 ) string bound state amounts to boosting along the coordinate y 1 with momentum w 0 /R ′ 1 . The target 3-torus coordinates can be expanded as follows: 
and expanding all single-valued functions in e ikσ+imρ , we now obtain
In the g 2 → ∞ limit, with α ′ and R ′ 1 /R 2 fixed, the (mass)
[β
with
Let us now perform a test of T-duality in the BPS sector. For a BPS state, N 
which is in striking agreement with the BPS spectrum of the (q 1 , q 2 ) string bound states, and thus in agreement with the BPS oscillation spectrum of the background (A), as calculated in [1] . The matching with the BPS sector of the spectrum (A) is not a surprise: in certain corners of the moduli parameters (R 2 → 0) we must recover exact T-duality of perturbative string theory. The BPS mass formula is exact and should not receive additional corrections as we vary the radius. Finding different BPS spectra would have implied an inconsistency. Nevertheless, it is remarkable that the correct BPS spectrum of the (q 1 , q 2 ) string bound state (a highly non-perturbative object!) can be derived from fundamental supermembranes, and in two inequivalent ways.
The mass formulas for M (A) and M (B) cannot be used to test T-duality in the non-BPS sectors, because they apply in different corners of the torus moduli parameters. Although in both cases the relevant limit involves the strong coupling limit g 2 → ∞ with fixed α ′ , for (A) we have kept fixed R 1 /R 2 (so that R 1 → ∞), while for (B) we have fixed R
. If, instead, we take for (B) the limit at fixed τ 2 = R 1 /R 2 , then flat directions remain in the potential and one obtains a continuum spectrum in this representation. Indeed, in this limit
Instabilities are then produced by wave packets constructed with the X a (0,m) [15] . Along these directions the harmonic and the quartic terms in the Hamiltonian vanish, and the wave packet can escape to infinity, leading to a continuum spectrum of eigenvalues. In this R ′ 1 → 0 limit, the method of small oscillations around a stable configuration seems to break down for the 2-brane (B). 4 In the dual description (A), where the membrane is wrapped around a large area torus, there is nothing pathological and one obtains an exact discrete spectrum. If T-duality is a symmetry of M-theory, the mass spectrum of quantum states associated with background (B) at R ′ 1 → 0 must coincide with that of representation (A).
Similarly, in the strong coupling limit at fixed R ′ 1 /R 2 , the mass spectrum of representation (A) becomes continuum, because
whereas in the same limit one has an exact discrete spectrum in representation (B).
It is interesting to note that, in the representation (A), we cannot calculate the spectrum for a membrane with w 0 = 0, because of membrane instabilities. In the representation (B), it is possible to study the strong coupling limit of the excitations of the (q 1 , q 2 ) bound state with zero momentum w 0 from the standpoint of membranes; now the membrane is stable as long as l 1 = 0 or l 2 = 0, since in this case the 2-brane winding is non-zero (it is worth noting that the solution (A) with w 0 = 0 simply represents a gravitational wave; if T-duality is to hold, the quantum states associated with this background in the limit g 2 → ∞, R 1 → 0, can also be described in terms of membrane excitations!). Although this circumvents the instability problem for this sector of the theory, the problem subsists for those states with l 1 = l 2 = w 0 = 0. Let us summarize the results and give the spectrum in the different corners of the moduli parameters. For the sake of clarity, in what follows we consider the simpler case l 2 = 0.
4 This could be related to the non-renormalizability of supermembrane theory.
this is the ten-dimensional limit)
There are other possible ten-dimensional limits, giving a similar formula as eq. (28). For example, in the limit R
, the relevant degrees of freedom of the system (B) can be more adequately described by dimensionally reducing on y 1 , rather than on y 2 . In this process, we find , which is a bound state of a D0-brane and a fundamental string. The type IIA string coupling isg 2 = R ′2 1 /α ′ . A T-duality transformation along y 2 converts it into a R-R string with charge w 0 and a momentum boost n/R ′ 2 , with R ′ 2 =α ′ /R 2 . According to [9] , the mass spectrum is then 
with T (0,1) = (2πα ′ )
. In terms of α ′ , R 1 , this becomes 
i.e. identical to eq. (28).
Requiring exact T-duality symmetry in M-theory implies stringent conditions on the underlying fundamental degrees of freedom. We have seen that the mass spectra for the BPS excitations of fundamental 2-branes connected by the T-duality transformations of eq. (5) are T-duality symmetric. In addition, T-duality seems to dictate the precise discrete mass spectrum in a regime where supermembrane theory is not suitable. This may give a concrete hint on an alternative quantum theory.
